Journal of Statistical Physics, Vol. 86, Nos. 1/2, 1997

Entropy of Coupled Map Lattices
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The entropy of coupled map lattices with respect to the group of space-time
translations is considered. We use the notion of generalized Lyapunov spectra
to prove the analogue of the Ruelle inequality and the Pesin formula.
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1. INTRODUCTION

The behavior of finite-dimensional hyperbolic diffeomorphisms is one of
the best-developed branches of dynamical systems theory. Therefore the
natural question arises as to which features of this behavior persist in the
infinite-dimensional setting.

The simplest example to begin with is coupled map lattices. Here the
configuration space X is the product of the countable number of copies of
finite-dimensional manifolds X =TT, X;. In this paper the index 7 runs over
integers (“one-dimensional lattice”). The map @ is a perturbation of the
product of “uncoupled” diffeomorphisms (f(x)),= f(x;) due to an interac-
tion J which is translation invariant and rapidly decreasing in space. The
last assumption can be formalized mathematically in many different ways.
The simplest possibility is to require that f is a hyperbolic map and J is so
small that methods of stability theory can be applied. Under these condi-
tions it was shown in refs. 1 and 5 that the basic results of the finite-dimen-
sional theory such as the stable-manifold theorem, the construction of
Markov partitions, and the existence of SBR measure remain valid. The
purpose of this paper is to generalize the entropy formulas.
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Let us recall that the classical Pesin formula states that in the ergodic
case the measure-theoretic entropy is equal to the sum of positive
Lyapunov exponents. It is based on the OseledeC theorem. So the first
problem is to obtain the counterpart to this theorem. The simplest proof of
Oseledet theorem'®’ proceeds as follows. Let A!"(x)=Ay"(x)> --- >
A(x) be the eigenvalues of [(d®”(x))* (d®”(x))]'”. Consider s7'(x)=
>4 -1 In AL (x). The existence of the limit lim,, _ ., (1/m) s\ follows by the
subadditive ergodic theorem since one can interpret exp s{"’ as the largest
eigenvalue of d@'" acting on j-forms. This approach succeeds also in infinite
dimensions if d® is a compact operator.*? In our situation the last
assumption is never valid because of the translation invariance. However,
a natural generalization arises if we want to compute the entropy with
respect to the group of the space-time translations, that is, the “measure-
theoretic entropy of the time shift per degree of freedom” rather then just
the measure-theoretic entropy of the time shift. In this case we should
average by the number of degrees of freedom N and perform the limit as
N tend to infinity before applying the traditional arguments. This program
was partly carried out in ref. 12 for another dynamical system: the hard-
core gas in an infinite vessel. The above-mentioned approach to the
Oselede theorem seems to be more natural than doing time averaging
before the space averaging because while our system can be considered as
a small perturbation of a finite-dimensional one for any fixed moment of
time, the time average limit depends essentially on the whole infinite-
dimensional space.

The important difference from the finite-dimensional case is that the
generalized Lyapunov spectrum so obtained does not correspond to any
invariant splitting of the tangent bundle, not to mention foliations. So its
dynamical importance is not clear. However, in this paper we show that
the counterparts to both the Ruelle inequality and the Pesin formula hold
if the ordinary Lyapunov spectrum is replaced by the generalized one.

The structure of the paper is the following. Section 2 contains the precise
assumptions about the interaction J. In Section 3 we define the expansion
rate, which is the mean value of the sum of positive Lyapunov exponents.
The existence of the limiting quantity is demonstrated in Section 4. Our
arguments here are similar to those of ref. 11. After the existence is estab-
lished, the Ruelle inequality follows by exactly the same arguments as in
Ruelle’s original paper.””’ This is discussed in Section 5. In Section 6 we
recall the construction of the SBR measure for coupled map lattices given
in ref. 5. The Pesin formula is proven in Section 7. The reason why it holds
is that in the hyperbolic case the convergence in the Pesin formula for
finite-dimensional system whose limit is our coupled map lattice is uniform
in the number of degrees of freedom. The proof of the Pesin formula gives
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an affirmative answer to a general question posed in ref. 11 for our very
special case.

Since it is interesting to find the weakest possible conditions under
which this theory holds, we do not impose any hyperbolicity conditions in
Sections 2-5. Of course this paper is only the first step toward under-
standing the entropy properties of differential infinite-dimensional systems.

2. COUPLED MAP LATTICES

Here we define the system with which we deal.® Let X be a compact
Riemann manifold. Choose a countable number of copies X; of X and set
X=11"_, X, Xy m=I12 Nl X,, Xy=X_y v Elements of X are
denoted by x ={x;} *” _ and elements of X, by x'". We write S for the
space shift (S(x));=x,,,. Denote by py, ,, px and Q the natural projec-
tions pu, ny: X = Xy, ny» Pvi X = Xy and Qy: Xy = X _ . The distances
on X and Xy, y, are given by d(x, y) =sup, p(x,, y;), where p is the dis-
tance on X. We write V;(x)=T,(X;). The tangent space V(x)=T,X may
be identified with @; V;(x,), with ||v|| =sup; |v;]|. We set

N3
PR = @ Vix), PN =P

i=N|

(note, however, that Xy=X_, ») and P, ,, and P, are the corre-
sponding projections. We also consider the space H(x) of vectors with a
finite /,-norm ||o], = (3, flvl|*)""

Now we define our map. Let f be a diffeomorphism of X and f be the
diffeomorphism of X given by (f(x)),= f(x;). We study diffeomorphisms of
the form @& =J-f, where J is an mteractlon map defined below. Let J, be
a map J,: X = X such that there exist constants K, and x, <1 and map-
pings J{™: Xy — X such that

d(':(J(ON)’Jz)N_“QN)sKI"JIV (1)
d(';(JOsJBN)PN)SKIKiV (2)

A (K,,k,) interaction is given by (J(x)),=8T,S (x). Since J is
S-invariant, @S = S®. More general interactions can be considered as long

as they satisfy conditions (3), (4) below. Let D”(x) be the didgonal part of
d®", that is, D'v="P;_, ;. ,d®"v if ve V,(x). Clearly (1) and (2) imply

dd: H(x) - H(Dx) and lddll, <K, (3)
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{where K, =K, /(1 —k,)] and given ¢, m there exists ny,=ny(m) such that
for all n=n,

1D (x) —d®"(x)]; <& (4)

Conditions (3) and (4) guarantee the existence of the expansion rate
proven in Section 4.

3. EXPANSION RATE

In order to define the expansion rate we need some extra notations.
If E and F are Hilbert spaces and A: E— F is a linear operator, we set
|A|=/A*A. In case E is finite-dimensional we denote by A,(4)>
A(A) = --- = A,(A) the eigenvalues of |4|: E— E and det A4 is the determi-
nant of |A4|. We call v(A4) the normalized counting measure of the eigen-
values v(4)=(1/dim E) 3, J;,..,- The expansion rate of 4 can be defined
as follows:

RA)= ¥ InA(A)=dimE [In*(0) dv(A)1)
AitA) >

where In™ ¢ =max(0, In 7). Usually we consider the restriction of 4 to some
finite-dimensional subspace E<E. To avoid long subscripts we write
A{(A|E), det(A4 | E),... instead of A;(4|z), det(4]z),.... For example,

R(A)=max In det(4 | E) (5)

Eclk

Now we collect for future use some elementary properties of v{(4) and
R(A). The proofs are based on the observation that the inequality

N N
AN o) > {v(A)([o,r])zam—E}

is equivalent to the existence of the subspace E of the dimension N on
which (Ae, Ae) = t?(e, ) [(Ae, Ae) < t¥(e, e) respectively].
Proposition 1. Let |4| <a; then:

(1) If |B|| <&<a, then

WA /1) +3ea, /1, —3ea)) < WA+ B)([1,, 1,])
SWANL/t) — 3ea, /1, + 3ea])
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(2) If Ec E, codim E=n, then

— 2n
(A4)([t, 0]) = (4| E)([t, o) <dimE—

(3) U E=E, ®FE,, A(E)=A(E,)® A(E,), then

dim E,

dlm E7
A)= =
4 dim F

dim E

V(A|E1)+

WA|E,)

{(4) If (-, )rand (., ) are other scalar products on E and F, respec-
tively, such that (1/a) ||- |, <[I-l|.y <« |-ll.,, then

v(A) ([at,, QJ SV ANLL, t5]) < v(A4) ([ﬂ, at2]>
o o

where in v'(4), A* and [4| are calculated using (-, -} instead of (-, -).
Corollary 1. There exists a constant C, such that:
(1) If |Bll<e<|4]], then
|R(A+ B)— R(A)<C, /e 4| dim E
(2) We have
|R(A|E|)— R(A|E,)| < C\(dim(E, + E,) —dim(E, n E,)) | 4]

(3) W E=E ®E,, A(E)=A(E,)® A(E,), then R(A)=R(A4 |E\) +
R(A|E,).

(4) If(-, ) rare other scalar products on E and F respectively, such
that (1/a) l"(.)S ”~H(_)'$OL M'“(A), then

|R(4)—R(A)| < C,Inadim E
where in R'(A4), A* and |A4| are calculated using (-, -)’ instead of (-, -).
Now we are in position to define the expansion rate of ®. Set
R(x, m, N) = R(d®"(x)| V"(x))
R,(x, m, N)=R(D}(x)| V¥(x))
v(x, m, N) =v(d®"(x)| V" (x))
vi(x, m, N)=v(D7(x)| VN (x))
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By the expansion rate of @ we mean the limit

1
R(x)= lim lim — R(x, m, N)

m—w N-o MN

The existence of this limit is proven in the next section.

4. EXISTENCE OF THE EXPANSION RATE

Theorem 1. Let x4 be an S-invariant measure, then the limit

_ i R(X,m, N)
Rm = lim S5
exists almost surely and
R N
jR(x, m) du(x) = lim jwdﬂ(x)
N— o N

If u is S-ergodic, then R(x, m) is constant almost surely.
This statement is the immediate corollary of the following result.

Lemma 1. The limit v(x,m)=1lim,_ , v(x,m, N) exists almost
surely.

Proof. Take ¢ e C[0, K4']. By the Proposition 1.1, given ¢, we can
find a large n, such that the inequality

\ [ 90) dvi, m, My(0) — [ $(1) v, (x, m, N)(r)] <e

holds for n<n,. So, it is enough to prove the existence of the limit of
v,(x, m, N) for all n. By Proposition 1.2,

U B(1) dv, (%, m, Ny + Nao) = [ (1) dv( D | Y =(x) @ P+ +N2<x))<r)’

2n |igll
SN, +N,—2n

Let fy(x)=N f @(t) dv,{x, m, N)(1); then the last inequality and Proposi-
tion 1.3 imply

|fN. +Nz(x) _'fM(x) —sz(SN'xH < Const(n)
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so the statement of the lemma follows from the subadditive ergodic
theorem applied to the sequences fy(x) F Const(n). |
The next step is to show that the R(x, m) form a subadditive sequence.
Lemma 2. R(x,m;+m;) < R(x, m;)+ R(DP"x, m,).

Proof. Again it is enough to replace d@" by D" and d®""*"}(x) by
D @™(x)) D™(x). But in view of (5)

R(Dy (@™ (x)) D(x) | VY (x)) < R,(x, m,, N) + R,(®"(x), my, N+ n)

and the lemma follows by Corollary 1.2. |

The application of the subadditive ergodic theorem yields the following
result.

Theorem 2. If u is also @-invariant, then the limit

R
R(x)= lim M
m— o m

exists almost surely and

R(x, m)

fR(x)dy(x)= lim f du(x)

n— s m

If i is (S, @)-ergodic, then R(x) is constant almost surely.

Remark. Set

rx,c,m N)=In max det(d®"'(x)| E)

E< 1P¥(x). dim E=cN

By the same subadditivity arguments it is possible to prove the existence of
the limits

r(x, c,m, N) r(x, ¢, m)

X, ¢, m)= lim , r(x,c)= lim
N— 7 N m— L

The calculation of r(x, ¢, m, N) can be done using the following observa-
tion. Let 4)\%(x) be the kth exterior power of d®"(x)|¥V"(x); then

(x,c,m, Ny=1In 1,(4/ ¥(x)) and therefore

In Tr(A ) “¥(x)) — N dim X In 2 < r(x, ¢, m, N) <In Tr(A4 ) ¥(x))
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so [In Tr(A/,“¥(x))]/mN is a good approximation to r(x, ¢, m, N)/mN if m

is large enough (cf. ref. 11 and the discussion in the introduction). R(x) can
be expressed in terms of r(x, ¢) as follows: R(x)=sup, r(x, ¢).

5. RUELLE INEQUALITY

In this section we prove an infinite-dimensional counterpart of the
Ruelle inequality.'”

Theorem 3. If x is an (S, @)-invariant measure, then /ii(u) < | R(x)
du(x).

Proof. This statement can be proven by exactly the same arguments
as in ref. 7. Let T be a triangulation of X, and T, be a k-fold barycentric
subdivision of T. Since

+ 7 + s
\/ \/ \/ Sn¢mTk
k m= - n=—=
is the Borel g-algebra of X, we have hg ,(u)=lim,_ , hg JT,,p). The
last expression can be bounded by lim,_ , AT, y|® 'T, y), where
T n=V]_ _yS/T,. Denote by Cy, ,(x) the element of T, , containing x
and let I'(k, N, x) be the number of elements C-;U of T, » such that
Ch N PCq (x)# J; then

e x| 7'y ) < | In Tk, N, %) du(x)

Let d, be the diameter of T,. We can find constants n,, «,, B, such that
X nimy -n XXy x4 can be covered by (1/a,)™ balls BY of radius f;
such that if x{=x; for [/|<N and (p_(yin, _~X's Py nvsnX) and
(P _wium —nX"s Py v X") belong to the same ball, then d(p,®(x’),
pxyP(x"))<d,. For k large enough the number of elements of 7, , such
that &(B)) ~ C/, _ is nonempty is bounded by C(T) CY exp R(x, 1, N),
where C, is a constant depending on the choice of the initial triangulation
T, C, depends only on dim X, and x is any point in BY. For such a large
k we have

F(k, N, X) < eR(x. 1. N)Ci‘zvcgla-’l:k

Making N go to infinity gives

By ol Tpo ) <ln C,+1n C3+JR(x, 1) du(x)
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and therefore

hs o(1) <In Cy+In c3+jR(x, 1) du(x)
Replacing @ by @™, we obtain

mhg @) <In Cy+In;+ J R(x, m) du(x)

Dividing by m and passing to the limit m — oo provides the statement
claimed. |

6. SBR MEASURE

In ref. 5 a measure for @ with the properties similar to those of the
SBR measure in the finite-dimensional case was constructed under the
assumption that @ is a small perturbation of a system of noninteracting
hyperbolic mappings.

Here we recall this construction. Let A be a hyperbolic attractor for f
such that f| , is topologically transitive. Then the tangent space at every point
x € A can be decomposed into the sum T X = E"“(x) + E")(x), where

af"| g, = Ksih (6)
df " gy, = KK (7)

and the angle
L(E"(x), E¥(x)) Z 75 (8)

for some constants K, 3> 1, and y,.

Consider a sequence of embeddings 7,: X, — X such that |[/y( < K,
and PyIy=id and let ®y,=Pyo®Pol, and fy=Ppyofol, so that
(fi(x')); = f(x'M). The following statements hold if K, and x, are small
enough and J is close to identity in C*-norm*:

(1) &, has an attractor 4, on which &, is conjugated to

fN | e x4

and @ has an attractor A on which & is conjugated to

fln, .

In both cases the conjugation is close to identity;
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(2) @, is hyperbolic on 4, and @ is hyperbolic on A. Moreover, the
constants K, x';, and y, can be chosen so that formulas (6)—(8) hold with
f replaced by @, or ®.

(3) Let 11, be a Markov partition for f, I1, and IT; be partitions
whose elements are products of elements of I7 and I1,,, and I1, be their
images under the above-mentioned conjugations. IT allows us to identify
f1., with a subshift of the finite type (X ,, o) with an alphabet {1.../},
where / = Card(/T). Then @, and @ are semiconjugated to subshifts (2 4"‘(,’, o)
and (X,, o), respectively, with alphabets {1--./}*"*'and {1..-/} %, respec-
tively, and the transition matrices given by

ll) ~m ‘,, m —-«’) ! 2
A H Aill A H A 8] j(

ji=-N je”z

The mapping S acts on X as the space shift S(7)] =i/, ,, where the super-
script signifies the time coordinate and the subscript stands for the space
coordinate. Let y ,, be the SBR measure on A, and £ be its pullback to X',
It is proven in ref. 5 that the {u,} converge to a measure u on A, that is, if
g: X — Ris afunction depending only on a finite number of coordinates, then

fgdﬂ,,—»fgdﬂ (9)

Moreover, if 4 is the pullback of x4 on I then the conditional expectations
converge as well:
Anliglil, "'itiz\'v ’;I "'i:,lv "'i/:j"' )

. () |2

—.’ﬁ(i::Iitll"',—L"'l 7 —...f—-i...)

The measure g is mixing with respect to both S and @.

We now specify I, to be the periodic embedding (Iy(x'"")); =x!",
where /= jmod(2N + 1). The immediate corollary of the above- mentloned
properties of A and S-invariance of 1, is the following statement.

Corollary 2. /g ,(u)=kimy_ , (1/N) hp (g ).

7. PESIN FORMULA

Let 4 be SBR measure for @. Since u is both S and @-ergodic, R(m) =
R(m, x) does not depend on x. We write R, (®)=lim,, _ , [ R(m)/m].
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Theorem 4. /g ,(u) =R, (D).

Proof. We combine Corollary 2 with Pesin formula for @, to get

i 1 1 n
hg o{lp)= lim lim _NJR(d(pN) duy(x™)

N—oow m—x M

Our concern now is to show that the last two limits can be interchanged.
Consider the decomposition

T‘.\""‘"XN = E(/{,”(,\‘(N)) + ER;)(X(N))

and let a new metric (-, -)' on T .x Xy be given by the conditions ||v]|5 = |v|,
for ve EY(x'") or ve E(x'Y) and E L' E. Since

[l-1I2
/2

IRE

v 1—cosy,

<[5 <

Corollary 1.4 implies
|R(dD") — In det(dd” | EW(x'M))] € CoN
that 1s,

1 1 C
— R(d®") ———1 d" | EV(XN) <=2
mN (d®7) mN n det(d®y| E(XT) m

But since

det(d@yy + " E(xN))
= det(d® | E(@3(x'Y))) det(ddyt| EW(x'™))

the last inequality gives

G,
<_
my

bl 1 m 1 niy
Jim s [ REDS) duy— = [ Rea@y) du,,

and hence

1 7
hs o(p)= lim lim —N R(dds','\',(,\‘“\))dy,\,

m— ot Noou M
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as claimed. Let us calculate the interior limit. By the same arguments as in the
proof of Theorem 1, given &, we can find L, so large that for L = L,

N/L . )
R(d@m Z R(déxsll V’;L+"("'+ !)L(X(N)))

J=—N/L

<eN

and, since p , is S-invariant,

l a
5 ROD) dn(s) = [RGB V) dn) <5

In other words,

1
hg o(pt)= lim lim lim g R(d®7| VHx'"™M)) du

m—os L—x N—»x M
By the short-range conditions (1)—(2) there is C5 = Cs(m, L) such that
H(@@3(x ™) VHXY)) = (d( B> L) (M) VHE V)P < Core

Therefore

1
hg ol)= lim lim lim E[R(dqs"wVLu\, €M) dit ()

m—x L—co N— o I
By construction of the measure 4 [ see formula (9)] the interior limit is equal
to | R(d®™ | V'*(x)) du(x) and hence

1
he )= lim  lim — | R{dD™| VE(x)) du(x)
mL

m—w =

= lim =R (®). |

m— M
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